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A non-singular bouncing cosmology is generically obtained in loop quantum cosmology due to
non-perturbative quantum gravity effects. A similar picture can be achieved in standard general
relativity in the presence of a scalar field with a non-standard kinetic term such that at high energy
densities the field evolves into a ghost condensate and causes a non-singular bounce. During the
bouncing phase, the perturbations can be stabilized by introducing a Horndeski operator. Taking
the matter content to be a dust field and an ekpyrotic scalar field, we compare the dynamics in
loop quantum cosmology and in a non-singular bouncing effective field model with a non-standard
kinetic term at both the background and perturbative levels. We find that these two settings
share many important properties, including the result that they both generate scale-invariant scalar
perturbations. This shows that some quantum gravity effects of the very early universe may be
mimicked by effective field models.
PACS numbers: 98.80.Qc, 98.80.Cq
I. INTRODUCTION
High precision observations of the cosmic microwave
background (CMB) [1, 2] and the large scale structure
provide strong evidence that the structure of our uni-
verse was seeded by a nearly scale-invariant power spec-
trum of primordial curvature perturbations. Such a pri-
mordial power spectrum can be causally generated from
quantum vacuum fluctuations during an era of cosmic
inflation [3] where it is suggested that our universe ex-
perienced an exponentially accelerating expansion right
after the initial big-bang singularity [4]. Alternatively,
as suggested in [5, 6], a scale-invariant power spectrum
of primordial perturbations can also be achieved during
a matter-dominated contracting epoch, with the current
expanding universe following a bouncing phase. A model
of this type with an initial matter-dominated contraction
and a non-singular bounce is called the matter bounce
scenario, and provides an alternative to inflation for gen-
erating the observed spectrum of primordial fluctuations
(see [7] for review articles on this topic).
The bouncing phase that connects the contracting and
expanding branches can in principle be either singular
(as in the original ekpyrotic scenario [8]) or non-singular.
Non-singular bouncing cosmologies appear in several set-
tings where either the gravitational sector is modified as
in Hor˘ava gravity [9, 10], torsion gravity [11, 12] and non-
local gravity [13], or the matter field violates positive en-
ergy conditions like in the quintom bounce [14, 15], the
ghost condensate bounce [16, 17] and the Galileon bounce
[18] models. For a recent review of non-singular bouncing
cosmologies, see [19].
Non-singular bounces also generically appear in loop
∗Electronic address: yifucai@physics.mcgill.ca
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quantum cosmology (LQC) [20], where the variables and
quantization techniques of loop quantum gravity are used
to study quantum gravity effects in cosmological space-
times [21, 22]. In LQC, the classical big-bang singularity
is replaced by a quantum bounce that occurs when the
space-time curvature reaches the Planck scale [23]. More-
over, the full quantum dynamics of semi-classical states
are approximated to a high degree of accuracy by a simple
set of effective equations [23–25]. LQC is compatible with
many interesting cosmological scenarios, including infla-
tion [26], the matter bounce [27], as well as the ekpyrotic
scenario [28], and therefore it is interesting to compare
the predictions coming from the effective field models de-
scribed above and from LQC. As we shall see, many of
the predictions are very similar.
An important conceptual issue for bouncing cos-
mologies is the well-known Belinsky-Khalatnikov-Lifshitz
(BKL) anisotropic instability [29]. The BKL instability
appears in contracting cosmologies as the effective energy
density contributed by the back-reaction of anisotropies
increases faster than the energy densities of the dust and
radiation matter fields. Therefore, in order to have a
bounce that is approximately isotropic, it is necessary
to fine-tune the initial conditions to be nearly perfectly
isotropic in order to ensure that anisotropies never dom-
inate. However, this problem is avoided in the ekpyrotic
scenario where a scalar field with a steep and negative-
valued potential always dominates over anisotropies in a
contracting universe [30] and so it is justified to neglect
anisotropies in the presence of an ekpyrotic scalar field.
Recently, it has been shown how it is possible to com-
bine an era of ekpyrotic contraction with a non-singular
bounce by introducing a scalar field with a Horndeski-
type non-standard kinetic term and a negative exponen-
tial potential [31]. Furthermore, one may include a regu-
lar dust field and assume the universe began in a state of
matter-dominated contraction thus combining the mat-
ter bounce with the ekpyrotic scenario. It can be explic-
ar
X
iv
:1
40
2.
30
09
v2
  [
gr
-q
c] 
 12
 M
ar 
20
14
itly checked that anisotropies remain small throughout
the entire cosmological evolution of the matter-ekpyrotic
bounce model, including at the bounce point [32], and
therefore this model successfully avoids the BKL insta-
bility that arises for a large family of non-singular bounce
models, as pointed out in [33]. Among many possible
implementations of the matter bounce, a concrete real-
ization of the matter-ekpyrotic bounce was constructed
in [34] that involves two matter fields with one being the
scalar field that causes the bounce and the other repre-
senting the matter field that is dominant at the begin-
ning of the contracting phase. Note that this effective
field theory model of a non-singular bounce can also be
developed into a super-symmetric version [35].
In this paper, we shall study the matter-ekpyrotic
bounce within the context of LQC and compare its dy-
namics to those found in the effective field approach de-
veloped in [31]. We find that the evolution of both the
background and perturbative degrees of freedom are com-
parable in these two settings, and that in particular the
dynamics of the primordial cosmological fluctuations in
these two frameworks possess very similar features. For
example, the sound speed squared, which characterizes
the propagations of these fluctuation modes, becomes
negative during the bouncing phase in both settings.
This indicates that what appeared to be an instability
in the effective field theory may in fact mimic a quantum
gravity effect. In addition, the scale-dependence of the
power spectrum studied in the effective field approach co-
incides with the one obtained in LQC. These similarities
indicate that some of the quantum gravity effects of the
very early universe can indeed be reproduced by effective
field theory models.
In addition, since the ekpyrotic scalar field domi-
nates the dynamics as the bounce is approached, the
BKL instability is avoided as the back-reaction due to
anisotropies will remain negligible compared to the en-
ergy density of the ekpyrotic scalar field. Because of this
property of the matter-ekpyrotic bounce model, it is pos-
sible to neglect anisotropies and take the background
to be the simplest homogeneous cosmology, namely
the isotropic flat Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) universe where the dynamics, of both the back-
ground cosmology and the perturbations, are signifi-
cantly simpler.
The paper is organized as follows. In Sec. II we briefly
review the matter-ekpyrotic bounce effective field the-
ory model with the scalar field with a non-standard
Horndeski-type kinetic term. Then in Sec. III we study
the evolution of the matter-ekpyrotic homogeneous cos-
mology in LQC where the scalar field now has the stan-
dard kinetic term (and the potential is taken to be the
same). We show explicitly how a non-singular bounce
occurs near the Planck regime where quantum gravity
effects become important. Afterwards, in Sec. IV we ana-
lyze the dynamics of cosmological perturbations both an-
alytically and numerically in the LQC matter-ekpyrotic
model by tracking each Fourier mode throughout the cos-
mic evolution and show how the modes that exit the Hub-
ble radius during the initial period of matter-dominated
contraction are scale-independent. We close with some
concluding remarks in Sec. V.
In this paper, we use units where c = ~ = 1 but leave
the reduced Planck mass MPl = 1/
√
8piGN (with GN
being Newton’s gravitational constant) explicit. Also,
the normalization of the scale factor is chosen so that its
value at the bounce time t = 0 is aB ≡ a(t = 0) = 1.
II. THE EFFECTIVE FIELD MODEL OF THE
MATTER-EKPYROTIC BOUNCE
In this section, we briefly review how it is possible to
obtain a non-singular bounce and avoid the BKL insta-
bility when the dominant matter field is a Horndeski-type
scalar field with an ekpyrotic potential. For more details
concerning this model, see [31]. We phenomenologically
consider a scalar field with a Lagrangian of the type
L = K(φ,X) +G(X)φ , (1)
and specifically choose the forms of the operators K and
G to be
K(φ,X) = [1− g(φ)]X + βX
2
M4Pl
− V (φ) , (2)
G(X) =
γX
M3Pl
, (3)
with X being defined as the regular kinetic term X ≡
gµν(∂µφ)(∂νφ)/2, while β and γ are coupling constants
and  ≡ gµν∇µ∇ν is the standard d’Alembertian oper-
ator.
Note that in this model the K operator involves the
term βX2 which can always stabilize the kinetic energy
of the scalar field at high energy scales when β is positive-
definite. A bouncing phase can be triggered by allow-
ing g(φ) to evolve for a short time into the regime of
g(φ) > 1 which leads to the emergence of a ghost con-
densate. When this occurs, the null energy condition is
violated and this can cause a non-singular bounce. One
can design the form of g(φ) to be small far away from
the bouncing phase so that the kinetic term in the La-
grangian of φ is well approximated by the standard ki-
netic term before and after the bounce. Additionally, the
potential V (φ) plays the role of governing the dynamics
of φ away from the bounce as well as determining the
energy scale the bounce occurs at. In order to dilute
the unwanted anisotropy to avoid the BKL instability,
one takes the potential to have the ekpyrotic form of a
negative exponential (at least for φ −MPl).
To be specific, following [31] we take the function g(φ)
2
and the potential V (φ) to be
g(φ) =
2g0
e
−
√
2
q
φ
MPl + e
bg
√
2
q
φ
MPl
, (4)
V (φ) = − 2V0
e
−
√
2
p
φ
MPl + e
bV
√
2
p
φ
MPl
, (5)
where p, q, bg, bV and g0 ≡ g(0) are dimensionless posi-
tive constants and V0 is also positive with dimensions of
(mass)4. We choose g0 to be slightly bigger than unity so
that the scalar can form a ghost condensate state when φ
nears zero. The critical value of g that signals the onset of
the non-singular bouncing phase is therefore g(φ∗) = 1.
By solving this equation, one finds the approximate val-
ues of φ∗ where the non-singular bouncing phase be-
gins and ends, respectively φ∗− ' −MPl ln(2g0/q) and
φ∗+ ' MPl ln(2g0/bgq). In addition, in order to obtain
ekpyrotic contraction, we take p 1.
Along with the ghost condensate phase, there are two
interesting phenomena that occur around the bounce
point. First, the proper (or cosmic) time derivative of
the scalar field φ˙ reaches its maximal value around the
bounce time tB , as determined by the bounce condition
that the Hubble rate H vanishes at the bounce time,
HB ≡ H(tB) = 0. Second, the square of the sound speed
decreases for a time to a negative value, approximately
of the form
c2s(tB) '
1
3
− 2
3
√
1 + 12βV0
M4Pl(g0−1)2
. (6)
Thus, for a large class of parameter choices, c2s(tB) '
−1/3. This may at first appear problematic as a nega-
tive value of the sound speed squared causes a dangerous
exponential growth in the amplitude of short wavelength
perturbations. However, if the bouncing phase lasts for a
very short period, then this growth only lasts for a small
time and so remains under control. As we shall see be-
low, this phenomenon also occurs around the bounce in
LQC as a result of quantum gravity effects.
III. HOMOGENEOUS LOOP QUANTUM
COSMOLOGY
In LQC, cosmological space-times are quantized by
taking the holonomies of the SU(2) Ashtekar-Barbero
connection and areas to be the fundamental geometrical
operators in the quantum theory. From the Hamiltonian
constraint operator, one can derive the effective equa-
tions of motion that include the leading order quantum
gravity corrections to the classical equations of general
relativity [22].
For semi-classical states, namely states that are
sharply peaked at late times when quantum gravity ef-
fects are negligible, the quantum dynamics at all times
—including at the bounce point where quantum gravity
effects are strongest [25]— are very well approximated
by a set of effective equations. For a flat FLRW uni-
verse, the effective Friedmann equations that capture the
salient quantum gravity effects of LQC are [23, 24]
H2 =
1
3M2Pl
ρ
(
1− ρ
ρc
)
, (7)
H˙ = − 1
2M2Pl
(ρ+ P )
(
1− 2ρ
ρc
)
, (8)
while the continuity equation for the matter fields re-
mains unchanged,
ρ˙+ 3H(ρ+ P ) = 0 . (9)
Here H = a˙/a is the Hubble rate and the dot denotes
the derivative with respect to the proper time t. The
critical energy density ρc ∼ M4Pl is the maximum total
energy density possible, and this upper bound is reached
precisely at the bounce point where ρ = ρc, H = 0 and
H˙ > 0.
In the case of interest here, the matter fields consist
of a pressureless dust fluid with ρm ∝ a−3, and a scalar
field φ. Unlike in the effective field approach reviewed in
previous section, we assume the kinetic term of this scalar
field to be of the standard canonical form and hence its
Lagrangian is simply L = X − V (φ). Correspondingly,
for the scalar field the energy density and pressure are
related by the standard equations
ρφ =
1
2
φ˙2 + V (φ) , Pφ =
1
2
φ˙2 − V (φ) . (10)
A. Analytic Treatment
As has been discussed in the Introduction, it is neces-
sary to specifically choose the form of the potential for
the scalar field φ in order to ensure that anisotropies
never become dominant. For this reason, we choose the
potential to have the ekpyrotic form of a negative-valued
exponential function when the universe is in the contract-
ing phase. One may simply take the same potential for
the scalar that is given in (5). In the present subsection,
however, we slightly deform the potential as follows,
V (φ) =
−Voe−
√
2
p
φ
MPl(
1 + 3pVo4ρc(1−3p) e
−
√
2
p
φ
MPl
)2 , (11)
in order to simplify the analytic treatment [36]. It is easy
to check that the shape of the above potential is roughly
the same as the potential (5).
The reason why we choose this specific potential is the
following: when the only matter field is the scalar field φ
with the potential (11), there exists a particular solution
whose contracting phase is precisely that of the ekpyrotic
3
universe, namely a solution with a constant equation of
state
ω ≡ Pφ
ρφ
=
2
3p
− 1 , (12)
where ω  1 for small p, and the scale factor is given by
a(t) =
(
aoM
2
Plt
2 + 1
)p/2
, ao =
ρc
3p2M4Pl
, (13)
where we have normalized the scale factor so that aB ≡
a(0) = 1 at the bounce point tB = 0. Note that (13) is an
attractor solution in the contracting phase and hence the
trajectories of the scalar field φ approach the above result
rapidly for a wide class of initial conditions. However,
after the universe passes through the bounce and enters
the expanding phase, typical solutions will deviate from
the above form and quickly approach the solution where
the space-time is dominated by a stiff fluid with ω =
1. We will see this explicitly in the following subsection
where we numerically study the dynamics of the system.
Finally, we take into account the pressureless dust field.
It is easy to check that initially the background universe
would have been dominated by the dust field before some
transition time te  −1/(√aoMPl). The epoch of the
matter-dominated contraction can be realized either by
introducing a regular dust perfect fluid [31] or a mas-
sive scalar field [34] (see also [37] based on the Lee-Wick
construction).
Since the transition time te from the matter-dominated
period into the ekpyrotic contraction occurs far before
the bounce, quantum gravity effects are negligible at this
transition time and we can deal with the background sys-
tem classically to an excellent approximation. Defining
ae ≡ a(te) from Eq. (13), the scale factor in the matter-
dominated period is then given by
a(t) = ae
(
t− to
te − to
)2/3
, to = te − 2
3He
, (14)
where ae and He correspond to the values of the scale
factor and the Hubble rate at the transition moment t =
te in order to ensure that both are continuous.
By combining the above results, we find that the uni-
verse starts in a matter-dominated phase and transits
into a period of ekpyrotic contraction, and then bounces
to an expanding branch with a fast-roll phase. Here we
make the assumption that at the transition time (whether
between matter-domination and ekpyrotic, or ekpyrotic
and fast-roll), the scale factor and the Hubble rate evolve
in a continuous fashion, while the equation-of-state pa-
rameter ω is taken to be piece-wise constant. Under this
approximation, we obtain the solution of the background
universe with the following three phases corresponding
to matter-dominated contraction, ekpyrotic contraction,
and fast-roll expansion:
a(t) =

ae
(
t−to
te−to
)2/3
for t ≤ te ,(
aoM
2
Plt
2 + 1
)p/2
for te ≤ t ≤ 0 ,(
3ρc
M2Pl
t2 + 1
)1/6
for t ≥ 0 .
(15)
Note that after the bounce, the equation-of-state will
rapidly evolve to ω = 1 and the universe will enter a
period of fast-roll expansion. One of the main goals of
this paper is to track cosmological perturbations from
the contracting branch to the expanding one, and we
will see, both from analytic arguments and numerical
evidence, that in the matter-ekpyrotic model the tran-
sition to fast-roll at the bounce point does not affect the
long-wavelength modes that are relevant to cosmological
observations. Therefore, when studying perturbations in
this context, the period of fast-roll expansion can safely
be ignored.
Before numerically studying the effective dynamics of
the matter-ekpyrotic universe in LQC, it is helpful to
collect some equations that will be useful for the study
of the dynamics of cosmological perturbations. Here we
recall some equations that only hold in the classical limit,
when t  −M−1Pl . First, in the ekpyrotic era, the scale
factor and the Hubble rate are given by
a(t) = (
√
aoMPlt)
p
, H(t) =
p
t
, (16)
and therefore, since te  −M−1Pl , the Hubble rate at
the transition time between matter-domination and the
ekpyrotic phase is He = p/te. It is convenient to work in
conformal time η in order to study cosmological pertur-
bations, defined by dη = dt/a(t), which is easily solved
for the scale factor (16) giving
(−MPlt) = ap˜/2o [−(1− p)MPl η]
1
1−p , p˜ =
p
1− p . (17)
From this relation, it is straightforward to express the
scale factor in terms of the conformal time,
a(η) =
[√
ao(1− p)MPl(−η)
]p˜
, (18)
which holds for ηe ≤ η M−1Pl , where ηe is the conformal
time corresponding to te. It follows that the conformal
Hubble rate H = a′/a (where the prime denotes differen-
tiation with respect to the conformal time η) during the
classical portion of the ekpyrotic contraction is given by
H(η) = p
(1− p) η , (19)
and therefore the conformal Hubble rate at the transi-
tion time is He ≡ H(ηe) = p/[(1 − p)ηe]. An equation
that will be useful later is the relation between the con-
formal Hubble rate and the proper time Hubble rate at
the transition time,
He =
H1+p˜e(√
aopMPl
)p˜ . (20)
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Finally, the scale factor as a function of conformal time
during the initial matter-dominated phase (η ≤ ηe) is
a(η) = ae
(
η − ηo
ηe − ηo
)2
, (21)
where ηo = ηe − 2/He, and the conformal Hubble rate
during the matter-dominated contraction is
H(η) = 2
η − ηo . (22)
It is important to keep in mind that the Eqs. (16)–(22)
only hold in the classical limit, namely where t −M−1Pl
and η  −M−1Pl .
B. Numerics of the Background Dynamics
In order to explicitly show that a non-singular bounce
occurs in LQC without violating any energy conditions,
we numerically solve the background evolution. In the
numerical computation the matter content consists of a
pressureless (Pm = 0) dust fluid and a canonical scalar
field with the potential (5). Note that this potential is
slightly different from the potential (11) used in the an-
alytic treatment, but their shapes are the same and in
both cases the slopes of these potentials are steep enough
to drive the same ekpyrotic contracting phase that was
studied in detail in [31]. For our numerical studies, we
choose the potential (5) in order to better be able to com-
pare the results obtained in the effective field model of
the matter-ekpyrotic bounce. A key observation is that
the dynamics of the canonical scalar field in LQC is very
similar to that of the non-conventional scalar in the effec-
tive field model proposed in [31]. This similarity nicely
demonstrates that the physics of LQC can be mimicked
by effective theory models even though the bounce occurs
in the deep Planck regime.
We work in units of the reduced Planck mass MPl for
all dimensional parameters. Specifically, for the numeri-
cal simulations we choose
V0 = 8× 10−3 , p = 0.1 , bV = 5 , ρc = 0.12 , (23)
and take the initial value of the energy density of dust
fluid as ρim = 2.1× 10−10. The corresponding results are
given in Fig. 1.
From Fig. 1a, we see explicitly that the Hubble param-
eter (as depicted by the dark yellow solid line in the lower
panel) remains finite as it evolves from a negative to a
positive value, showing that the universe transits from
the contracting phase to the expanding phase in a non-
singular fashion. The same conclusion is also reached by
looking at the evolution of the scale factor (as depicted
by the violet dashed line in the upper panel), which de-
creases before reaching a minimal non-zero value and
then increasing monotonically thereafter. The bounce
point occurs at the moment tB = 0 where the scale fac-
tor shrinks to the minimal value aB = 1.
Fig. 1b shows the evolution of the energy densities and
the equation-of-state parameters in the model. From the
upper panel, one sees that initially the universe was dom-
inated by the pressureless dust fluid (the green dash-dot
line). As the space-time contracts, the contribution of
the scalar field (the blue dashed line) becomes dominant
and initiates a period of ekpyrotic contraction. After the
bounce the universe evolves into a fast-roll expanding
phase with an effective equation of state given by ω = 1
as depicted by the lower panel of Fig. 1b.
We also numerically plot the dynamics of the back-
ground scalar φ (by the green solid line) and its time
derivative φ˙ (by the olive dot line) in Fig. 1c. One can
see that φ evolves monotonically from negative infinity
to positive infinity. Around the bounce point, φ˙ reaches
its maximal value and then falls back to a small value.
The background dynamics of the matter-ekpyrotic uni-
verse in LQC closely resemble what was found in the
effective field model with a non-standard kinetic term
[31]. Indeed, the evolution of the scale factor, the Hub-
ble rates, the effective equations of state and even the
scalar fields themselves are extremely similar in the two
settings. We will show in the next section that the dy-
namics of cosmological perturbations also match.
IV. SCALAR PERTURBATIONS
After having studied the background dynamics, the
next step is to determine the evolution of the primor-
dial cosmological perturbations. We shall focus on scalar
perturbations as from an observational point of view they
are the most relevant. We also restrict our analysis to
linear perturbations (note that the contribution of non-
linear fluctuations in the contracting phase is very small,
as analyzed in [38]), in which the Fourier modes evolve
independently and therefore it is possible to track the
evolution of each mode separately. For a comprehensive
review of cosmological perturbation theory in general rel-
ativity, see [39].
In LQC, there are quantum gravity effects coming
from expressing the Hamiltonian constraint in terms of
holonomies of the Ashtekar-Barbero connection that be-
come significant when the space-time curvature nears
the Planck scale. Effective equations of motion that
capture the main quantum gravity effects of LQC in
the dynamics of cosmological perturbations can be de-
rived either from the Hamiltonian constraint of lattice
LQC [40] or by following the anomaly freedom algorithm
[41]. (A hybrid quantization approach yields similar, al-
though slightly different results [42].) Since the quan-
tum gravity effects are negligible when the universe is far
from the bouncing phase, the effective equations for cos-
mological perturbations rapidly approach the standard
Mukhanov-Sasaki equations of general relativity in the
small curvature limit, both in the contracting and ex-
panding epochs. However, quantum gravity effects do
become important in the vicinity of the bounce. In ad-
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FIG. 1: Plot of the numerical evolution of the matter-ekpyrotic universe in LQC. The horizontal axis denotes the cosmic time t. The left
panel shows the evolution of the scale factor a (the violet dashed curve) and the Hubble parameter H (the dark yellow solid curve).
The middle panel plots the evolution of the energy density of the scalar field ρφ (the blue dashed curve) and that of dust fluid ρm
(the green dash-dot curve) as well as the equation of state parameter of the scalar field ωφ (the purple short dash-dot curve) and the
effective “total” equation of state ωT (the red solid curve). The right panel gives the dynamics of the scalar field φ (the green solid
curve) and its time derivative φ˙ (the olive dotted curve). The background parameters chosen for the numerics are given in Eq. (23).
dition, as the singularity is resolved in the homogeneous
background space-time, the perturbations pass through
the bounce smoothly and it is possible to explicitly de-
termine their evolution from the distant past to the post-
bounce expanding phase. It is interesting to compare the
results obtained in LQC to those found in effective theory
models; as we shall see they are very similar.
Note that we will not attempt to address the trans-
Planckian problem, which is an important conceptual is-
sue for inflationary cosmology [43]. The effective equa-
tions that we shall use here come from lattice LQC
which can only describe perturbations with a wavelength
greater than the Planck length [40]. Although trans-
Planckian modes can in fact be handled in the hybrid
quantizations of cosmological perturbations [42], at this
point in time it is not clear whether trans-Planckian
modes can exist or not in full loop quantum gravity and
therefore we will ignore this issue here. In any case, the
modes that would have been trans-Planckian during the
bounce in the matter-ekpyrotic model are not observa-
tionally relevant and therefore from a purely practical
point of view it is reasonable to ignore these modes.
Also, in this paper we focus on the holonomy correc-
tions of LQC that are responsible for the bounce; for
information regarding inverse triad effects, see e.g. [44].
To study scalar cosmological perturbations, the metric
and the matter fields are perturbed to linear order. As
the fluctuations of the matter and geometry degrees of
freedom are dynamically related, there is only one degree
of freedom and it is convenient to introduce the gauge-
invariant quantity related to the curvature perturbation
in the uniform field gauge by v = zζ, which is the famous
Mukhanov-Sasaki variable [45].
In terms of the Fourier modes of the variable v, the
effective perturbation equation in LQC can be written as
v′′k +
(
c2sk
2 − z
′′
z
)
vk = 0 , (24)
where the prime denotes the derivative with respect to
the conformal time η and the subscript k denotes the co-
moving wave number of the corresponding Fourier mode.
The above perturbation equation involves two parame-
ters with one being the square of the sound speed
c2s = 1−
2ρ
ρc
, (25)
and the other is related to the background evolution via
z = a
√
ρ+ P
H
= aMPl
√
3(1 + ω)
1− ρ/ρc , (26)
where in the last equality ω may in general depend on
time. However, in this section we shall make the approx-
imation of a constant ω = 0 in the matter-dominated
epoch, and a constant ω = 2/3p − 1 in the ekpyrotic
phase.
The sound speed plays the role of governing the prop-
agation speed of the fluctuations. In LQC, the bouncing
6
phase is triggered when the background energy density ρ
approaches the critical density ρc ∼ M4Pl. In particular,
when ρ evolves into the regime of ρ > ρc/2, we get c
2
s < 0.
This is the precise feature that was previously observed in
the effective field model of the matter-ekpyrotic bounce
cosmology discussed in Sec II. The appearance of a nega-
tive sound speed squared, from the viewpoint of effective
field theory, indicates a dangerous gradient instability in
the ultraviolet scales; from the perspective of LQC, how-
ever, it is an effect due to quantum gravity. This is an
indication that the effective field approach developed in
[31] is reliable even during the bounce.
Also, since from an observational point of view the
relevant variable is the gauge-invariant curvature pertur-
bation
ζk = vk/z, (27)
it is convenient to write down the equation of motion for
ζk in LQC. For our purposes, it will be sufficient to work
in the long wavelength limit of modes that are outside
the Hubble radius, in which case the equation of motion
for ζk simplifies to
ζ ′′k +
2z′
z
ζ ′k = 0 . (28)
A. Analytic Treatment
We shall start during the matter-dominated phase,
when the effects of LQC are completely negligible and
the perturbation equation rapidly approaches the stan-
dard equation of general relativity for vk,
v′′k + k
2vk − 2
(η − ηo)2 vk = 0 . (29)
The solution to this differential equation is the Hankel
function
vk(η) =
√
−(η − ηo)
[
A1H
(1)
3/2(−k(η − ηo))
+A2H
(2)
3/2(−k(η − ηo))
]
, (30)
and setting the initial conditions at η → −∞ to be the
quantum vacuum gives
vk(η) =
√
−pi(η − ηo)
4
H
(1)
3/2[−k(η − ηo)] . (31)
For modes that exit the Hubble radius during the matter-
dominated epoch, it is possible to use the small argument
expansion of the Hankel function, and then vk(η) takes
the form
vk(η) =
√
pi√
2 Γ
(
5
2
) · k3/2H(η)2 + i Γ
(
3
2
)
√
2pi
· H(η)
k3/2
, (32)
where the time dependence is expressed in terms of the
conformal Hubble rate that is given in (22). Note that
the second term is scale-invariant.
Now let us move on to the ekpyrotic phase. In this
setting, the perturbation equation becomes (again in the
classical regime η  −M−1Pl )
v′′k + k
2vk − p(1− p)
(p− 1)2 η2 vk = 0 , (33)
and the solution is
vk(η) = B1
√−ηJn(−kη) +B2
√−ηYn(−kη) , (34)
with
n =
1− 3p
2(1− p) ≈
1
2
− p , (35)
where the second relation holds approximately for small
p, which is the case of interest during the ekpyrotic phase.
For modes outside the Hubble radius,
vk(η) = B˜1(−η)n+1/2 + B˜2(−η)−n+1/2 , (36)
where we have absorbed some overall constants into B˜1
and B˜2. The prefactors B˜1 and B˜2 can be determined
by matching with the solution (32) from the matter-
dominated epoch by imposing that vk and v
′
k are con-
tinuous at the transition time ηe.
As the quantity of interest from an observational point
of view is the comoving curvature perturbation ζk =
vk/z, where z ∼ (−η)p/(1−p) in the ekpyrotic epoch (here
again we ignore for now the very small time-frame where
LQC effects are important), we are only interested in
the terms in ζk that do not vanish as the bounce is ap-
proached. A quick inspection shows that the term with
the B˜1 factor goes to zero as η → 0, while the B˜2 term in
ζk is constant in time. Therefore, the only term that is
observationally relevant is the second one in (36), and so
it is only necessary to determine B˜2. Imposing continuity
in vk and v
′
k at η = ηe gives
B˜2 = i
Γ
(
3
2
)
√
2pi
· f(p) · H1+p˜e · k−3/2 + αk3/2 , (37)
where f(p) = 1+O(p log p) is a function that is close to 1
for small p. The precise value of α is not important here
because for the long wavelength modes that are relevant
from an observational point of view, k−3/2 dominates
k3/2 and therefore the second term here is negligible and
will be dropped from here on.
A key result here is that the amplitude of the scale-
invariant term in the super-Hubble modes is related to
the conformal Hubble rate He at the transition point
between the matter-dominated and the ekpyrotic phases
of the space-time. Therefore, the greater the Hubble rate
is at this transition time, the greater the amplitude of the
perturbations will be and vice versa.
Therefore, before the bounce the dominant contribu-
tion to the scalar perturbations has a constant amplitude
in time given by
ζk(η) =
√
p B˜2√
2M1+p˜Pl [
√
ao(1− p)]p˜
. (38)
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Note that we have dropped the term which decays as η
approaches zero, while the dominant term in B˜2 goes as
k−3/2 and so is scale-invariant.
This is the classical solution in the ekpyrotic phase for
modes that exited the Hubble radius during the matter-
dominated epoch. Now it is necessary to evolve this so-
lution through the quantum gravity regime where the
bounce occurs in order to determine the form of the scalar
perturbations after the bounce. In this case, this evolu-
tion is trivial as ζk already satisfies the differential equa-
tion (28). Therefore, after the bounce, ζk still has the
exact same form given in (38).
Note that in general the evolution across the bounce is
non-trivial: if the dominant mode in the scalar perturba-
tions is not constant with respect to time, then there will
be LQC effects that will appear in the differential equa-
tion from the z′/z term which will affect the final power
spectrum. However, in this particular case the dominant
term is time-independent, and so the evolution across the
bounce is trivial.
Therefore, the power spectrum for scalar perturbations
in this scenario is
Pζ(k) =
k3
2pi2
|ζk|2 = p
16pi2
· f˜(p) · H
2
e
M2Pl
, (39)
where f˜(p) = 1 + O(p log p), and we used the relation
(20) to replace the occurrences of He by He.
From (39) we see that the amplitude of the power spec-
trum of the primordial curvature perturbations is deter-
mined by the Hubble parameter at the end of the era
of matter-dominated contraction. This is because the
curvature perturbation, which is originally increasing on
super-Hubble scales in the matter-dominated contract-
ing phase, freezes after the universe enters into the pe-
riod of ekpyrotic contraction. Quantum gravity effects
play a limited role (beyond the key resolution of the big-
crunch/big-bang singularity in the background homoge-
neous space-time) as they do not affect the propagation
of long wavelength modes of constant amplitude.
Note that this result is significantly different from what
occurs in the matter bounce scenario (without an ekpy-
rotic scalar field) in LQC where it was observed that the
LQC parameter ρc has to be taken to be very small in
order to reproduce the observed Pζ(k) ∼ O(10−9) [1, 2].
This is because the strength of the space-time curvature
at the bounce —which is proportional to ρc— determines
the amplitude of the scale-invariant perturbations after
the bounce [27]. As pointed out above, this is avoided
in the matter-ekpyrotic bounce scenario as the super-
Hubble modes stop growing when the universe enters the
ekpyrotic phase and so their amplitude is determined by
the energy scale of the transition from matter-domination
to the ekpyrotic phase, no matter the value of ρc. Also,
note that if there is no dust field, then it is possible to
generate a scale-invariant power spectrum via the en-
tropic mechanism if there are two ekpyrotic scalar fields,
in which case the resulting amplitude depends on the
energy scale at the moment of transferring the entropy
modes into adiabatic ones and also on the specific poten-
tials of the ekpyrotic scalar fields [28, 46].
An important point is that this result is in agreement
with the conclusion based on the effective field approach
studied in [31]. Therefore, the comparison of the pertur-
bation analyses in these two approaches again demon-
strates the reliability of the effective field treatment for
non-singular bounce models in cosmology.
B. Numerical Analysis of the Perturbations
Following what was done for the background analy-
sis, in the present subsection we numerically study the
dynamics of the primordial perturbations for the matter-
ekpyrotic model in LQC. Specifically, the initial values
of the background parameters are those given in (23),
and the primordial perturbations are taken to initially
be quantum vacuum fluctuations in the early matter-
dominated contracting phase. The numerical results are
shown in Fig. 2.
The evolution of the sound speed squared c2s, which
characterizes the gradient instability of the perturbation
modes, is shown in Fig. 2a. For the vast majority of the
evolution it is equal to unity and hence the propagation of
the primordial fluctuations are safe against the gradient
instability. When the universe enters the bouncing phase,
however, this parameter becomes negative and falls to
its minimal value of −1 at the bounce point. A similar
phenomenon was also observed in the effective field ap-
proach of bounce cosmology studied in [31]. From the
viewpoint of effective field theory, the sign change in c2s
implies that there exists a certain gradient instability for
the perturbation modes at ultraviolet scales during the
bouncing phase. As the sign of the sound speed squared
also changes around the bounce point in LQC, we see
that the effective theory actually captures this property
surprisingly well.
In Fig. 2b we show the scale dependence of the pri-
mordial power spectrum Pζ after the bounce as a func-
tion of the comoving wave number k. The figure is plot-
ted in a log-log scale for a better visual effect. We can
interestingly observe that the power spectrum is nearly
scale-invariant for the perturbation modes in the infrared
regime but has a blue tilt for the ultraviolet modes.
The scale dependence changes around the comoving wave
number k ∼ 10−5, beyond which point the perturba-
tion modes exit the Hubble radius during the ekpyrotic
phase. Thus, this result explicitly shows that the primor-
dial power spectrum of curvature perturbations is scale-
invariant only for the modes which exit the Hubble radius
in the matter-dominated contracting phase.
Note that in our numerical computation we chose a
specific class of model parameters to produce the best
visual effect and hence the energy scale of the transition
from the matter-dominated contraction to the ekpyrotic
phase is slightly higher than the GUT scale. As a result,
the amplitude of the power spectrum in the case under
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FIG. 2: Numerical plot of the dynamics of cosmological perturbations in the matter-ekpyrotic model in LQC. The left panel shows the
evolution of the sound speed squared c2s (the violet dash-dot-dot curve) as a function of cosmic time. The right panel depicts the
primordial power spectrum Pζ (the green solid curve) as a function of the comoving wave number k. The initial conditions for the
background field and model parameters are the same as for Fig. 1 and are given in (23). The initial conditions for the curvature
perturbations are that they are initially quantum vacuum fluctuations in the early matter-dominated contracting phase.
consideration is of the order of O(10−7) which is higher
than the observed amplitude in the CMB of O(10−9). It
is easy to modify the amplitude and be in agreement with
observations simply by changing the initial conditions to
a smaller initial value of ρm so that the transition to the
ekpyrotic era occurs earlier and at a lower energy scale,
hence making He smaller. The key point here, however,
is that the modes that exit the Hubble radius during the
matter-dominated era have a scale-invariant spectrum.
C. Tensor Perturbations
In addition to the scalar perturbations studied in the
two previous subsections, primordial tensor perturba-
tions are also generated in the contracting branch of
the universe. The latest observations provide an upper
bound to the tensor-to-scalar ratio of r < 0.11 (95% CL)
[47]. As is well known, when the universe has a con-
stant equation of state and is far away from the bouncing
phase, the equation of motion for the tensor fluctuations
is analogous to that of the scalar curvature perturbations.
Accordingly, assuming that the scalar and tensor pertur-
bations are initially in the quantum vacuum state, they
grow at the same rate in a matter-dominated phase of
contraction. As a result, the tensor-to-scalar ratio in the
traditional scenario of the matter bounce is typically too
large to be consistent with the observational data [37]
(although not in LQC [27]).
There are three main approaches that can resolve this
issue. The first is to take into account the entropy modes
by involving other matter fields, such as the curvaton
mechanism [48] considered in the matter bounce in [49].
In this mechanism the conversion from entropy perturba-
tions to curvature perturbations occurs during the bounc-
ing phase and can efficiently enhance the amplitude of
primordial adiabatic fluctuations without affecting the
tensor fluctuations. A closely related approach is to have
a purely ekpyrotic contracting phase and generate scale-
invariant curvature perturbations via the entropic mech-
anism, in which case the tensor perturbations have a van-
ishingly small amplitude; this was studied within the con-
text of LQC in [28]. The second method is to achieve a
gravitational amplification effect on the curvature pertur-
bations from the gradient instability of c2s changing sign
during the bounce. This enhancement effect can be suf-
ficiently large if the bouncing phase lasts for a very short
period while the bounce energy scale is low enough [34].
However, in the specific model considered in the present
paper, we find that the enhancement from the gravita-
tional amplification is of order unity as the bounce oc-
curs at a high energy scale. The third method of lowering
the tensor-to-scalar ratio in LQC is in the pure matter
bounce scenario without an ekpyrotic field. Further, if
the dust fluid has a small negative non-vanishing pres-
sure P = −ρ, this gives a small tensor-to-scalar ratio
and also a slight red tilt to the power spectrum of the
curvature perturbations [27]. Note however that in this
last case, anisotropies may become important around the
bounce point.
In the matter-ekpyrotic scenario in LQC, the tensor-to-
scalar ratio will typically be larger than the observational
bound, and therefore it will be necessary to find a mech-
anism to damp r, possibly in one of the ways described
here. In the present work, however, our focus is on the
comparison between the LQC description and the effec-
tive field approach of non-singular bouncing cosmologies,
and hence we leave this particular topic for future study.
V. CONCLUSIONS
In LQC, the big-bang and big-crunch singularities are
generically resolved without any need to introduce the
non-standard kinetic operators that are required in the
effective field approach. In this paper we study the
cosmological dynamics of a canonical scalar field with
an ekpyrotic-like potential and a dust field in the con-
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text of LQC. With this choice of matter content, the
universe initially starts its evolution with an epoch of
matter-dominated contraction, then it transits into a pe-
riod of ekpyrotic contraction, and afterwards experiences
a smooth bouncing phase which connects to a regular
thermal expansion. The background evolution obtained
based on quantum gravity effects in LQC is very similar
to that described by the effective field approach involving
non-canonical kinetic operators.
One promising feature of the matter-ekpyrotic bounce
cosmology is that it generates a scale-invariant power
spectrum of primordial curvature perturbations. The
scale-invariant perturbations are generated in the matter-
dominated contracting phase and their amplitude is de-
termined by the Hubble rate at the end of this phase,
which in our model is denoted by He. We show that
this scale invariance is well preserved across the bounce
and compare this with the results found in the effective
field approach (for example see the study of [6] based on
matching conditions [50, 51] and [15, 37, 52] using vari-
ous field theory models). Interestingly, the effective the-
ory model captures much of the relevant physics of LQC
even though the effects of LQC only become important
in the deep Planck regime.
This is somewhat surprising as effective field theories
are typically only expected to be reliable when quan-
tum gravity effects are small, but here we have seen
that the main properties of the evolution through the
bounce in LQC —of both the homogeneous background
and the perturbations— are captured in the effective the-
ory models, even though these effects occur in the deep
non-perturbative regime of LQC. In the effective the-
ory approach, the bounce usually occurs well below the
Planck regime in order to ensure that quantum gravity
effects will not ruin the validity of the effective theory.
However, we have seen here that effective theory models
in fact capture the key qualitative features of LQC, and
therefore can act as toy models for full quantum gravity
when the bounce energy scale of these models is in the
Planck regime. This suggests that effective field theory
models in cosmology may be more reliable at high energy
scales than initially expected.
Acknowledgments
We would like to thank Ivan Agullo´, Robert Branden-
berger and Luca Bombelli for helpful discussions. The
work of YFC is supported in part by an NSERC Discov-
ery grant and by funds from the Canada Research Chair
program. This work is supported in part by a grant from
the John Templeton Foundation. The opinions expressed
in this publication are those of the authors and do not
necessarily reflect the views of the John Templeton Foun-
dation.
[1] D. N. Spergel et al. [WMAP Collaboration], “First year
Wilkinson Microwave Anisotropy Probe (WMAP) obser-
vations: Determination of cosmological parameters,” As-
trophys. J. Suppl. 148, 175 (2003) [astro-ph/0302209].
[2] P. A. R. Ade et al. [Planck Collaboration], “Planck 2013
results. XVI. Cosmological parameters,” arXiv:1303.5076
[astro-ph.CO].
[3] V. F. Mukhanov and G. V. Chibisov, “Quantum Fluc-
tuation and Nonsingular Universe. (In Russian),” JETP
Lett. 33, 532 (1981) [Pisma Zh. Eksp. Teor. Fiz. 33, 549
(1981)];
A. A. Starobinsky, “Relict Gravitation Radiation Spec-
trum and Initial State of the Universe. (In Russian),”
JETP Lett. 30, 682 (1979) [Pisma Zh. Eksp. Teor. Fiz.
30, 719 (1979)];
W. H. Press, “Spontaneous Production of the Zel’dovich
Spectrum of Cosmological Fluctuations,” Phys. Scripta
21, 702 (1980).
[4] A. H. Guth, “The Inflationary Universe: A Possible Solu-
tion to the Horizon and Flatness Problems,” Phys. Rev.
D 23, 347 (1981);
A. D. Linde, “A New Inflationary Universe Scenario: A
Possible Solution of the Horizon, Flatness, Homogene-
ity, Isotropy and Primordial Monopole Problems,” Phys.
Lett. B 108, 389 (1982);
A. Albrecht and P. J. Steinhardt, “Cosmology for Grand
Unified Theories with Radiatively Induced Symmetry
Breaking,” Phys. Rev. Lett. 48, 1220 (1982).
[5] D. Wands, “Duality invariance of cosmological pertur-
bation spectra,” Phys. Rev. D 60, 023507 (1999) [gr-
qc/9809062].
[6] F. Finelli and R. Brandenberger, “On the generation of a
scale invariant spectrum of adiabatic fluctuations in cos-
mological models with a contracting phase,” Phys. Rev.
D 65, 103522 (2002) [hep-th/0112249].
[7] R. H. Brandenberger, “Alternatives to the inflationary
paradigm of structure formation,” Int. J. Mod. Phys.
Conf. Ser. 01, 67 (2011) [arXiv:0902.4731 [hep-th]];
R. H. Brandenberger, “The Matter Bounce Alternative to
Inflationary Cosmology,” arXiv:1206.4196 [astro-ph.CO].
[8] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok,
“The Ekpyrotic universe: Colliding branes and the origin
of the hot big bang,” Phys. Rev. D 64, 123522 (2001)
[hep-th/0103239].
[9] G. Calcagni, “Cosmology of the Lifshitz universe,” JHEP
0909, 112 (2009) [arXiv:0904.0829 [hep-th]];
E. Kiritsis and G. Kofinas, “Horava-Lifshitz Cosmology,”
Nucl. Phys. B 821, 467 (2009) [arXiv:0904.1334 [hep-th]].
[10] R. Brandenberger, “Matter Bounce in Horava-
Lifshitz Cosmology,” Phys. Rev. D 80, 043516 (2009)
[arXiv:0904.2835 [hep-th]];
Y.-F. Cai and E. N. Saridakis, “Non-singular cosmology
in a model of non-relativistic gravity,” JCAP 0910, 020
(2009) [arXiv:0906.1789 [hep-th]].
[11] Y.-F. Cai, S.-H. Chen, J. B. Dent, S. Dutta and
E. N. Saridakis, “Matter Bounce Cosmology with the
f(T) Gravity,” Class. Quant. Grav. 28, 215011 (2011)
[arXiv:1104.4349 [astro-ph.CO]].
10
[12] N. J. Poplawski, “Nonsingular, big-bounce cosmology
from spinor-torsion coupling,” Phys. Rev. D 85, 107502
(2012) [arXiv:1111.4595 [gr-qc]].
[13] T. Biswas, A. Mazumdar and W. Siegel, “Bouncing uni-
verses in string-inspired gravity,” JCAP 0603, 009 (2006)
[hep-th/0508194];
T. Biswas, R. Brandenberger, A. Mazumdar and
W. Siegel, “Non-perturbative Gravity, Hagedorn Bounce
& CMB,” JCAP 0712, 011 (2007) [hep-th/0610274].
[14] Y.-F. Cai, T. Qiu, Y.-S. Piao, M. Li and X. Zhang,
“Bouncing universe with quintom matter,” JHEP 0710,
071 (2007) [arXiv:0704.1090 [gr-qc]];
Y.-F. Cai and X. Zhang, “Evolution of Metric Pertur-
bations in Quintom Bounce model,” JCAP 0906, 003
(2009) [arXiv:0808.2551 [astro-ph]].
[15] Y.-F. Cai, T. Qiu, R. Brandenberger, Y.-S. Piao and
X. Zhang, “On Perturbations of Quintom Bounce,”
JCAP 0803, 013 (2008) [arXiv:0711.2187 [hep-th]].
[16] E. I. Buchbinder, J. Khoury and B. A. Ovrut, “New
Ekpyrotic cosmology,” Phys. Rev. D 76, 123503 (2007)
[hep-th/0702154]. P. Creminelli and L. Senatore, “A
Smooth bouncing cosmology with scale invariant spec-
trum,” JCAP 0711, 010 (2007) [hep-th/0702165].
[17] C. Lin, R. H. Brandenberger and L. Perreault Levasseur,
“A Matter Bounce By Means of Ghost Condensation,”
JCAP 1104, 019 (2011) [arXiv:1007.2654 [hep-th]].
[18] T. Qiu, J. Evslin, Y.-F. Cai, M. Li and X. Zhang,
“Bouncing Galileon Cosmologies,” JCAP 1110, 036
(2011) [arXiv:1108.0593 [hep-th]];
D. A. Easson, I. Sawicki and A. Vikman, “G-Bounce,”
JCAP 1111, 021 (2011) [arXiv:1109.1047 [hep-th]].
[19] M. Novello and S. E. P. Bergliaffa, “Bouncing Cos-
mologies,” Phys. Rept. 463, 127 (2008) [arXiv:0802.1634
[astro-ph]].
[20] P. Singh, “Are loop quantum cosmos never singular?,”
Class. Quant. Grav. 26, 125005 (2009) [arXiv:0901.2750
[gr-qc]].
[21] M. Bojowald, “Loop quantum cosmology,” Living Rev.
Rel. 8, 11 (2005) [arXiv:gr-qc/0601085].
[22] A. Ashtekar and P. Singh, “Loop Quantum Cosmology:
A Status Report,” Class. Quant. Grav. 28, 213001 (2011)
[arXiv:1108.0893 [gr-qc]];
K. Banerjee, G. Calcagni and M. Mart´ın-Benito, “In-
troduction to loop quantum cosmology,” SIGMA 8, 016
(2012) [arXiv:1109.6801 [gr-qc]].
[23] A. Ashtekar, T. Paw lowski and P. Singh, “Quantum Na-
ture of the Big Bang: Improved dynamics,” Phys. Rev.
D 74, 084003 (2006) [gr-qc/0607039].
[24] V. Taveras, “Corrections to the Friedmann Equations
from LQG for a Universe with a Free Scalar Field,” Phys.
Rev. D 78, 064072 (2008) [arXiv:0807.3325 [gr-qc]].
[25] C. Rovelli and E. Wilson-Ewing, “Why are the effec-
tive equations of loop quantum cosmology so accurate?,”
arXiv:1310.8654 [gr-qc].
[26] A. Ashtekar and D. Sloan, “Loop quantum cosmology
and slow roll inflation,” Phys. Lett. B 694, 108 (2010)
[arXiv:0912.4093 [gr-qc]];
L. Linsefors, T. Cailleteau, A. Barrau and J. Grain, “Pri-
mordial tensor power spectrum in holonomy corrected
Ω loop quantum cosmology,” Phys. Rev. D 87, 107503
(2013) [arXiv:1212.2852 [gr-qc]];
I. Agullo´, A. Ashtekar and W. Nelson, “The pre-
inflationary dynamics of loop quantum cosmology: Con-
fronting quantum gravity with observations,” Class.
Quant. Grav. 30, 085014 (2013) [arXiv:1302.0254 [gr-
qc]].
[27] E. Wilson-Ewing, “The Matter Bounce Scenario in
Loop Quantum Cosmology,” JCAP 1303, 026 (2013)
[arXiv:1211.6269 [gr-qc]].
[28] E. Wilson-Ewing, “Ekpyrotic loop quantum cosmology,”
JCAP 1308, 015 (2013) [arXiv:1306.6582 [gr-qc]].
[29] V. A. Belinsky, I. M. Khalatnikov and E. M. Lifshitz,
“Oscillatory approach to a singular point in the relativis-
tic cosmology,” Adv. Phys. 19, 525 (1970).
[30] J. K. Erickson, D. H. Wesley, P. J. Steinhardt and
N. Turok, “Kasner and mixmaster behavior in universes
with equation of state w ≥ 1,” Phys. Rev. D 69, 063514
(2004) [hep-th/0312009].
[31] Y.-F. Cai, D. A. Easson and R. Brandenberger, “Towards
a Nonsingular Bouncing Cosmology,” JCAP 1208, 020
(2012) [arXiv:1206.2382 [hep-th]].
[32] Y.-F. Cai, R. Brandenberger and P. Peter, “Anisotropy in
a Nonsingular Bounce,” Class. Quant. Grav. 30, 075019
(2013) [arXiv:1301.4703 [gr-qc]].
[33] B. Xue and P. J. Steinhardt, “Unstable growth of curva-
ture perturbation in non-singular bouncing cosmologies,”
Phys. Rev. Lett. 105, 261301 (2010) [arXiv:1007.2875
[hep-th]];
B. Xue and P. J. Steinhardt, “Evolution of curvature and
anisotropy near a nonsingular bounce,” Phys. Rev. D 84,
083520 (2011) [arXiv:1106.1416 [hep-th]].
[34] Y.-F. Cai, E. McDonough, F. Duplessis and R. H. Bran-
denberger, “Two Field Matter Bounce Cosmology,”
JCAP 1310, 024 (2013) [arXiv:1305.5259 [hep-th]].
[35] M. Koehn, J.-L. Lehners and B. A. Ovrut, “A Cosmo-
logical Super-Bounce,” arXiv:1310.7577 [hep-th].
[36] J. Mielczarek, “Multi-fluid potential in the loop cosmol-
ogy,” Phys. Lett. B 675, 273 (2009) [arXiv:0809.2469
[gr-qc]].
[37] Y.-F. Cai, T. Qiu, R. Brandenberger and X.-m. Zhang,
“A Nonsingular Cosmology with a Scale-Invariant Spec-
trum of Cosmological Perturbations from Lee-Wick The-
ory,” Phys. Rev. D 80, 023511 (2009) [arXiv:0810.4677
[hep-th]].
[38] Y.-F. Cai, W. Xue, R. Brandenberger and X. Zhang,
“Non-Gaussianity in a Matter Bounce,” JCAP 0905, 011
(2009) [arXiv:0903.0631 [astro-ph.CO]].
[39] V. F. Mukhanov, H. A. Feldman and R. H. Branden-
berger, “Theory of cosmological perturbations. Part 1.
Classical perturbations. Part 2. Quantum theory of per-
turbations. Part 3. Extensions,” Phys. Rept. 215, 203
(1992).
[40] E. Wilson-Ewing, “Holonomy Corrections in the Effec-
tive Equations for Scalar Mode Perturbations in Loop
Quantum Cosmology,” Class. Quant. Grav. 29, 085005
(2012) [arXiv:1108.6265 [gr-qc]];
E. Wilson-Ewing, “Lattice loop quantum cosmology:
scalar perturbations,” Class. Quant. Grav. 29, 215013
(2012) [arXiv:1205.3370 [gr-qc]].
[41] T. Cailleteau, J. Mielczarek, A. Barrau and J. Grain,
“Anomaly-free scalar perturbations with holonomy cor-
rections in loop quantum cosmology,” Class. Quant.
Grav. 29, 095010 (2012) [arXiv:1111.3535 [gr-qc]];
T. Cailleteau, A. Barrau, J. Grain and F. Vidotto, “Con-
sistency of holonomy-corrected scalar, vector and tensor
perturbations in Loop Quantum Cosmology,” Phys. Rev.
D 86, 087301 (2012) [arXiv:1206.6736 [gr-qc]].
[42] M. Fernandez-Mendez, G. A. Mena Marugan, and
11
J. Olmedo, “Hybrid quantization of an inflationary uni-
verse,” Phys. Rev. D 86, 024003 (2012) [arXiv:1205.1917
[gr-qc]];
I. Agullo, A. Ashtekar, and W. Nelson, “An Extension
of the Quantum Theory of Cosmological Perturbations
to the Planck Era,” Phys. Rev. D 87, 043507 (2013)
[arXiv:1211.1354 [gr-qc]].
[43] R. H. Brandenberger, “Inflationary cosmology: Progress
and problems,” hep-ph/9910410;
J. Martin and R. H. Brandenberger, “The TransPlanck-
ian problem of inflationary cosmology,” Phys. Rev. D 63,
123501 (2001) [hep-th/0005209].
[44] M. Bojowald, G. M. Hossain, M. Kagan and S. Shankara-
narayanan, “Gauge invariant cosmological perturbation
equations with corrections from loop quantum gravity,”
Phys. Rev. D 79, 043505 (2009) [arXiv:0811.1572 [gr-qc]];
T. Cailleteau, L. Linsefors and A. Barrau, “Anomaly-free
perturbations with inverse-volume and holonomy correc-
tions in Loop Quantum Cosmology,” [arXiv:1307.5238
[gr-qc]].
[45] M. Sasaki, “Large Scale Quantum Fluctuations in the In-
flationary Universe,” Prog. Theor. Phys. 76, 1036 (1986);
V. F. Mukhanov, “Quantum Theory of Gauge Invariant
Cosmological Perturbations,” Sov. Phys. JETP 67, 1297
(1988) [Zh. Eksp. Teor. Fiz. 94N7, 1 (1988)].
[46] F. Finelli, “Assisted contraction,” Phys. Lett. B 545, 1
(2002) [arXiv:hep-th/0206112];
F. Di Marco, F. Finelli and R. Brandenberger, “Adia-
batic and isocurvature perturbations for multifield gener-
alized Einstein models,” Phys. Rev. D 67, 063512 (2003)
[arXiv:astro-ph/0211276];
J.-L. Lehners, P. McFadden, N. Turok, and P. J. Stein-
hardt, “Generating ekpyrotic curvature perturbations
before the big bang,” Phys. Rev. D 76, 103510 (2007)
[arXiv:hep-th/0702153].
[47] P. A. R. Ade et al. [Planck Collaboration], “Planck 2013
results. XXII. Constraints on inflation,” arXiv:1303.5082
[astro-ph.CO].
[48] S. Mollerach, “Isocurvature Baryon Perturbations and
Inflation,” Phys. Rev. D 42, 313 (1990);
A. D. Linde and V. F. Mukhanov, “Nongaussian isocur-
vature perturbations from inflation,” Phys. Rev. D 56,
535 (1997) [astro-ph/9610219];
D. H. Lyth and D. Wands, “Generating the curvature
perturbation without an inflaton,” Phys. Lett. B 524, 5
(2002) [hep-ph/0110002];
T. Moroi and T. Takahashi, “Effects of cosmological
moduli fields on cosmic microwave background,” Phys.
Lett. B 522, 215 (2001) [Erratum-ibid. B 539, 303
(2002)] [hep-ph/0110096];
K. Enqvist and M. S. Sloth, “Adiabatic CMB perturba-
tions in pre - big bang string cosmology,” Nucl. Phys. B
626, 395 (2002) [hep-ph/0109214].
[49] Y.-F. Cai, R. Brandenberger and X. Zhang, “The Mat-
ter Bounce Curvaton Scenario,” JCAP 1103, 003 (2011)
[arXiv:1101.0822 [hep-th]].
[50] J.-c. Hwang and E. T. Vishniac, “Gauge-invariant joining
conditions for cosmological perturbations,” Astrophys. J.
382, 363 (1991).
[51] N. Deruelle and V. F. Mukhanov, “On matching condi-
tions for cosmological perturbations,” Phys. Rev. D 52,
5549 (1995) [gr-qc/9503050].
[52] B. Xue, D. Garfinkle, F. Pretorius and P. J. Steinhardt,
“Nonperturbative analysis of the evolution of cosmologi-
cal perturbations through a nonsingular bounce,” Phys.
Rev. D 88, 083509 (2013) [arXiv:1308.3044 [gr-qc]].
12
